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- ;;hdtucal means of expressing a functional relation between varjable

7. quantities representing in their totality the process under

.- --and only aumerical values of the variable quantity considered to

>
Lo

SECTION SEVE
_METHODS O

N -NUMERICAL
F

SOLUTION
'USE' OF NUMERICAL ANALYSIS IN INTERNAL BALLISTICS

--«MA-* . s

Various variable quantities possessing deiinite physaical
cignificance usually‘take part in processes which occur ia nature
— or are considered in technology. 1In this connection, numerical
o variatious of - one or more.quantities are accompanied by or
‘;-iggscciqted'with variations of other variables. Thus there always
‘;zexiéts‘g_defiﬁiieffuncxional relation between the variable quantities
-gd%uder considéraiion. This functional relation may be expressed
'Sy neﬂns of thfee nethods, such as tabulations, diagrams, and
fornulas. In the vast najority'of procesces, especially those
‘Vencountered 1n tecbno‘ogy, this relation is expressed by the aid
. ofltables or diagraus obtained directly from experiment or from
cbéervation of the process!‘wbereas the formulas appear only after

subsequent analysis of the results obtained, znd then only in the

case‘of the simplest processes. It is thus apparent that the most

u'investigation is a tabulation; this is especially true when such
7 a process is being utilized dxrectly for technological purposes,

_in vhich case a formula or even a diagram will not serve the purpose,

. be cfuprinary importance on the basis of practical considerations

- nust be had.

_‘Nulerical analysis must thus serve as a means for studying and

-aking practical utxlization of the functional relations between the
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variable quantities involved.

Ordinary differential équatnons may be approximately integrated

by means of any of the known methods of which there are a great many.

These methods include the following: T Z
1) Expansion in a Tayioy's series in powers of the argunent, ?
2; Integration by the method of successive approximations. éi
3) .Expansion in a series in powers of small parameters entering &
into the equation. K _ %
4) Expansioa in a series in powers of the initial values of the ?
unknown function and its derivatives. g

=

5) Method of successive approximations applied to equations for

s

vibrational motion.

T T,

o

6)'Hethods of Euler;, E.L. Bravin, and others.

7) Méthod of numerical integration.

The first six methods do not require_the use of finite differences;
~all variants of the method Bf numerical integration are based on the

use of such differences.

The principal variants of the method of numer;cal integration
are discussed in the book by Academician A.N. K;ilov,*"Lectures on
Approximate Computations", 171_7 - |

Fundamental information on the theory pf finite diiferences and
on the technical features of thegr application to the engineering of
artillery ﬁay‘be found in the book by Professor G.V. Oppokov, "Numerical
Analysis Applied to the Science of Artille;y"..[_§;7 y

( Internal ballistics is an applied science possessing a
perfectly definite technical content (the study of the motion of
a projectile in the bore of a gun and of the laws of burning of powder)
F-TS-7327TRE R 613

i
CHARLES A MEYER & CO. Inc

F IS R B AL 5 B RS e e TR AT R Iy
B A N WodE o 2 Prrrn oproe iy WY TR & A Ty

. h A Y S e - vt N e St ¢ o o

. . . e e e we -
ST . P SO PRGNS s R MR S CREE
S T e i wwm.snwi e L e e e Dt WKy~ e v - -

A, R 2 A et AP 3

- - - -



P

£

A

ME

and a perfectly well-defined technical objective: the creation of
“peans for plotting the curve of the speed of the projectile in>the

>bore and for plotting the curve of the pressure of the powder

-
,.«

gases 1n -the bore as functions of the path of the projectile and
of time. ‘
_ These curve@ can be pilotted after obtaining suxt&gle tabulations

o

giving the {nnetional relation between the various variable
~qunntitxes participating in the phenomenon of a shot. The necessary
tabulations are obtained by analyzing primary experimental data and
those fornulas vhich, in their bimplest form, express the relation

, exilting between, the initial variable quantxties.
. The use 6f numerical analysis constitvtes the subject treated
in this section of the book.. The essence of numerical analysis,
its apecific features and its principal Operations will also be
considered here in the proper degree. o I

‘CHAPTER 1 - NUMERICAL INTEGRATION. BY FINITE DIEFERENCES

(Written by Professor G.V. Oppokov)
1. APPLICATION OF NUMER ICAL INTEGRATION TO THE nE¥§Ek1hAfiox
OF FUNCTIONS ) =

- R T et e

1) Concept of Tabular Fuuctions

That vn?iable function whose. .numerical values can be chosen
arbitrarily is usually desﬁgnated a8 the argumept. or as the
ipdependent variable quantity. "The. remaining vaginble.qnantities
. tnking part in the process under censidefation are then designated .

as functions., ' T e e

Let us assume that a certain independent variable quantxty takes

on a series ot particulagdyq}yegiﬂa .
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which are separated from one another by invariable equal intervalsg

so that:

xl - x0 - xz - x1 oo™ X449y 7 Xy eeem X, - X = h,

This interval is called the step of the argument and is

designated by h.
In addition to the step h, the limits of the region X and x,

must be stated in the form of finife numerical values.

Cases in which the step h is variable, or in which the variable

R

x assumes infinitely large values in the region under consideration
from X0 to x,, including the limits of the region themselves, are '

not copsidered at .all.

[T

Furthermore, let some other variable quantity y also assume

a series of particular values:

yO’ yl’ 721'0': Ygreee yn;

each of these particular values corresponding to one of the pdit:cular ;

values of the argument x, so that it is aiways true.that:

yg = f1{xy), -

— e ¥

where:

1-0,' 1, 2,.00’ n“l, n.

-t
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It follows th«b—the functional relation between the variables

: y tnd X is. established in the form of a tabulation.

PSRRI W *.:

P 5:-«-«-.”-*«» ,7

An example of such a relation is presented in Table 4.

Table 4 - Pressuge.eurve as a Function of Time t.

7 N , ) [ T
t 103 sec o 4} 8712 16 18] 20 | 21 | 22 | 23 |23.5! 24!24.5
‘3% " fosx [23| 26 | 32 | 48 | 63| 88 |105 |128 |175 {223 | 274 33¢ |304
cn o
t-10 sec: ,25.5‘ 26 | 26.5(27.0{27.5| 28|28.5| 26 |29.5| 0 |30.5|30.75 31
p KE. f-'f‘, ,‘."466.- 1546 | 636 /39 857 | 9901137 (1312 | 1516|1743} 1983 (2057 {2175
cn AR Rl )
ST “This tab1e~is7the ‘result of analysis of experimental data

‘( obtained by buraing 1n a2 bomb a weighed sample of strip powder grade

ER 89(1:18x40m)nt&-0201.

.

evaluating,the experimental data, so ‘that t is the argument the

The values of t were chosen when

© * values of pressure p were taken from the experimental curve for the
k . N ¥ .

‘chosen values of t. ConéeQuently, the pressure of the powder gases

is a function of the time t. . ’ :

- . Use has been made in Table 4 of the so-called vertical notation,

-

- _'hich we shall adopt henceforth. in this notation the particular
values of each of the variable quantities are invariably placed in
one row, while each column contains one particular value of each of
these variables. This notation is found to be most conv0n1ent for
the various Operations to which the functions stated by the
tabulat;on ave subjected.

2) Finite Differences of Various Orders.

‘Once a function hax been given 1n table form, it is not difficult
to find the so-called finite differences of this function or, more

?-TS-?327»RE'
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simply, its table of differences, thesce differences being of various
orders. Thus, for a portion of Table 4, we obtain the following
table of differences.

Table 4-a.

t-103 | 23 |23.5! 24 {24.5| 25 |25.5

p 1175|223 {274 |330 |31 |466

Ap 48 | 51 56 | 64 72| -
A2p 3 5 8 8 -] -
A3p 2 3 0 - -] -

Thus on the basis of the table of particular function values

it is possible to compute the following differences:

Apo = P;.- Py " 223 - 175 = 48
Ap1 ~ p2 -pP - 274 - 223'- 51

Ap -p3-p2-330-274-56

2

® 5 8 00 600606000 0060°00°00¢0¢0o0 e oo

These differences are called differences of the first order or*
more briefly, as the first differences. | X
From the first diffe;ences, the following new differences can \
ye easily foun&: ‘
Azpo-Apl - Apy = 51 - 48 = 3
Azpl-Apz-Apl-_ss-sl-s
Asz-Ap3-Ap2-64-56-8

@ D 0 0 0 60 608 00 000 0O 0 000 eC OO s
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These new. differences are now called differences of the second

order, or sccond differences,
- From the second differences it is also possible to compute in

- ——

a similar manner the third differences:

. Po

:t s J. - g ' A3
Aapl !-A?p

-a%p, - 8% = 5-3=2
) 2
‘ 2-A‘p1-8-5-3

® 5 5 860006 ¢ 0000090080 N oo

/ followed by the fourth differences, etc. Generally, by definition,
.t the kI gifferenc. equals:

1 k-1

k, . ,k-
A yl-&« y1+1-A ¥ie

-
- .
e ——.

Rule. In .formufating a tabie of differences, the number at
‘the »ieft'gust be subtracted from th‘é number at the right in the
same row, and the result recorded in the next lower row under the
number at the left. )
" It 18 useful to point out that in following this rule the
differences with the same subscript (the function itself als.o_being

-considered as a zero order difference) are automatically recorded

in one and the same colgmn.




Table 4-b.

X XO Xl X2 3 4

Y | Yo | Ya | Yo | Y3 | V4
by [Byp [BYy [BYy [Ayg | -

2 (52 2y - |-
A%y |a%y, A/)l A7y ~1L

In the table of differenceg, in the column for i = 0, for

example, are found differences such as:

Py = 175, Ap = 48,

(1)
2 - 3 -
A Py 3, A Py 2

etc.

3) Certain Properties of“}inite Differences.

1. All differences of any order can be expressed only in terms

.0f particular functions of the functicn itself.

By definition of the first differences:

Ays =¥y = Yor BY) = ¥y = ¥y, BYg = Y3 = Voo

Then, by definition of the second differences:

2 - .\ - - ' - - - - - b4
A%yg = Byy =By = (g = ¥1) = (g - 3 = Vg ¢ 2¥y * Y

etc. Generally:

———— e - Bt

. - —— s
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A%yg = yise - By 4 Vi’

w./ ‘ .
The same procedure can also be applied to differences of higheg

e - -

orders. = - i

2. A constant number cen be taken outside the difference symbol

= ( of any order and, conversely, can be brought inside this difference
symbol. . ‘ /
let:

y=c¢ - f(x).

e et ek A

‘where ¢ i8 a constant number. On the basis of the defidition of

differences,.-we have:

-

8y = c-f{x + h) - c-f(x) = c-[f(x’ + h) -'.f(x)__7 - c~Af(x);

.

Thus, A

. T ALt (x) T = craf(x).

By rewriting this relation from right to left, we cbtain:

cAf(x) = Al ef(x) 7.

This 48 ‘a mathematical formulation of the second part of the

assertion under consideration.

'3. For an entire function of the kth degree:

a - - y \- .
F-TS-7327-RE L. 620. -
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. k _ k-1 :
y = a,x - xi? + Al(m - x,) Fooat Ay g (x - x4 Ay

/’ B H
,/ the k*M differences are identical. -
Let us confine ourselves to the case ¢f kX = 2, 56 that:
y = A (x ~ x )2 FAy(x - x.) + A
. / 0 i 1 i 2
/
/
Taking:
Xj41 = % + h;
Xitg = X3 + 2h;
xi+3 - x1 + 3h.
)

we obtain from the formula for the entire function:

-~ . ] ) . - - 2 )
Vi = Agi " AY, ™ ¥iiy - ¥; = Agh® + Ajn:

I —_— "
S R A g5 St 3y A A S e o ait A AL e

v ,
»~ ’ - - - 2 .
g Yiay T Aoh T AR+ Ay L BYiy = Yy - Yy, = 3Agh2 + Agh;
ﬂ y ~4Ah2+2Ah+A' ' . Ay -y -y ~5Ah2+Ah~ :
;F 142 | 2 i+2 " Yy43 7 Vis2 0 L
;43 Yipg = 9%h +.3A1h + Ay
$ 3
R i '
!
_‘..
a?f and finzlly: i
" . A A2 - A - A - 2A hZ. T T T
N L ~ Y Yi+l Yi o ' . ]
‘ - . y;
i 2 ) :
! D141 = B¥ggp - Byjug m 24p07 |
| F-TS-7327-RE 621 | ]
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; T ‘ ‘The differences A"yi and Azyi“ are found to be identical
. ’ (because Ay, and h ire constant numbers), which is what we set {

~ .out ‘to prove.

.~ 4) Determination of Coefficients of an Entire Function.

3T o Let us undertake the task of expressing the coefficients of

" "an entire function in terms of differences of this function. 1o

"7 do this for the case of k = 2, we shall make use of the following

L relations:
{ . . 2 2 2
- vy = A2, A}y'i - th + Ajhy A Yy = 2th .
Substituting the value of AO from the last relation, namely:
Azyi
AO - )
2h?
* into the equation for Ayl, we find:
«
] 1,2
: Ayi-—z"A yi+A1h’
] whence
f A, = L (2ay, - a%y)
2 l on 71 A
: . Thus, finally:
oy .
L S 28y, - A2y,
. AO o —T; A, =
2h 1 2h2

F-TS-7327-RE
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The coefficients.for an entire third degree function can be found

in a similar manncer:
3 .

3 9
A Y3 A“yi - A Y5
AO ~ —— . Al - 5 ’
6h3 2h*
) 6oy, - 3A2yi + 2A3yi
A' - b . A -
2 * 3 }i‘

6h

These coefficients will be needed subscquently for deriving the
formula of the interpolation function. It is of interest to note the

fact that the coefficients of the entire function are here expressed

in terms of differeunces with the same subscript i,
The same method may be used to determine these coefficients
in terms of differences with different subscripts. 1hus, for

example, by taking ty, t; ,, ti—2’ i-3 (instead of t.i ti+1’ ti+2’

-
o S

), we shall find the following relations:

i+3
3 2, 3
" A o2 Y3 R TR T 3
0 3’ 1 2 ’
6h 2h
2 3 ‘
iiAyi;_1 + 3A Yi-2 + 2A yi_3.
A2 . ; A3 - ¥y
6h

These relations, which the reader himself wil{ be able to derive
directly by using the same method, will find an. application
. in the derivation of working formulas for the numerical integration
of equations. .

5) The Practical Value of Differences.

Differences are employed for the following purposes: . ;

a) Determination of intermediate values of a :unction.

F-TS-7327-RE 623
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‘b) Computation of 1ntermediatc values of the argument;

_ c¢) Factual determin;tjon of derivaiives\of variods orders of
a function. )

d) Determination of definite integrals.

e) ﬁumerigél integration of ordinary differeantial equations.

. The universal character of thege differences uséd-in the
operaticons enumerated above is reflected ja the fact that it is
perfectly 1mmateri;i whether tsé function has been stated in the
form of a tabulation, a diagram, or a formula.

It has already been established that the kth difference of an
entire function of the xth degree is constant. It is not difficult
to show that, coamversely, if the differenées of the kth order of
a certain function are constant, the latier is an entire function
of the ktb degree.

This proposi'ion constitutes the cornerstone of the utilization
of differences in all of the opera}ions indicated above, for the
follo;ing reason. 1f the formulation of the ;ayle'of differences of
a certain function shows that the kth~differe;cés are almost coustant,

we have the right to replace our function by an entire function of

" the kth degree and then subject the latter function to all the

necessary operations., = -

It is this entire function which is designated as the interpolation

-funétionw_ A general expression for it must be derived. When k = 3,

-

we have: ) i ST .

R

e A (x - x)8 h Az - ) 4 A X = x) b A
Y = Ag(x = x)% +-Ap(x xi)ﬁ:+ Ay(x - x.) + Ag.
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Let us introduce such a variable § that: "
x = xg +&Eh,

where h is the step. Then:

The quantity ¥ is called the coefficient of interpolataon.
Using the coefficient of interpolation and the general relations
for the coefficients-AO, Al, Az, A3 of the entire function as derived

in Subsection 4, we shall rewrite the formula for the interpolation
function as follows:

3 2 3 2 3. -
Ayi§3+A ¥i ~A-yi§2 +6Ayi - 347y, +2A ¥

y= -0 6 X §+Yi,

or, finally, after regrouping the terms:

y =y, +5-Ay; - 28 -5l 4 %E(l_ - 5@ - 9aly,. (105)

The interpolation function is -thus—found to be expressed in
terms of differences of the given function up to and including those

of the third order, with all these differences having one and the

same spbscript.

. \
In replacing any function (regardless of the manner in which it

is stated) by this interpolation function, it <is categorically
F-15-7327-RE _ .. | 625
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27 K 1iperattve to direct attention, on the basis of the table bf

:,differen&es of the given function, to the character of the variation

- - of these differences; it is necessary, and triply necessary, that

. “the kM ‘differences be nearly constant.

"Obviously this condition will be satisfied the better the smaller
& the absolute values of the differences of any order.

‘w'-Rule. In order to reduce the differences of any order, the-

ste? must be reduced.

/' This rule results from the following relation:

~.

k
Ay =y

where y(k) is the kP-order derivative of x, and ¢ is an infinitely
- small quantity of the highest order. The relation itself, which

ic derived at the p}oper stage of the differential computation,

represents a generalization of the better-known relation Letween

the increment of a function and its differential:
O ; . * - .

St Ay = dy + ht

‘Ay = y'h + he= h(y' + €. L
Thus, as the step is halved, thé first differences decrease
. - approximately by a factor of two, the second differences decrease

’by a factor of four, anq the third differences decrease by a factor

. of eignt. S

— I

. )] /.
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; . '6) Determination of Intermediate Values of a Given Function,

To determine the intermediate values of a given function,
regardless of how it is stated, it is necessary to formulate a

table of differences of this functivon and, having made certain F

ol Famic st

that the second differences are constant or are very small in

b

. comparison with the particular values of the function itself, replace S

it by an entire function of the second degree, i.e., by an interpolation

~
e X N AP

function (105):

1 2
y=yg +E -2y - 5 8Q - B)ay,. - (106) )
wvhere yi designates the -tabular value of the given function -k

corresponding to the next smaller value of the argument nearest

to that value of x for which the intermediate value of the function
is sought.

Khowing the intermediate value of x for which the intermediate
value of the given function is' sought, and havinglobtained from the

table of differences of this function the nearcst\value of x

30 we
can determine the value of the‘coefficient of intérpolatiou £ and
the unknown value of y by means of formula (106). | -
Example 1. Given the following table of pressure impulses:
Table 4-c ) ! é
Jte103 | 20| 21 22
) I 71.0 | 80.6 |92.1
o
L
|
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-where the impulses are expressed in kg-dm'z-sec, determine the
T pieséure impulse for t = 0.020556.
‘Solution. Let us formulate the table of differences:

__ Table 4-d.

f o t-103| 20| 21| 22

* ) - I 7 .

_ 1.0 | 80.6 |92.1
A ° ’AI 906 1105
A2} 1.9 :

Let us find the coefficient of interpolation:

Lt - ty 0.020556 - 0.020
- - = 0.556.
h 0.001

The desired intermediate value of the function is:

RS ' :
I=1, +§ AL, - —8(Q - £)A%I, = 71.0 + 0.556 - 9.6 = —~0.556(1 -

- 0.556)1.9,

since

€= 0.556; I, =71.0; Al = 9.6 and.Azli - 1.9,

We finaily obtain:

I = 71.0 + 5.33 - 0.25 = 76 kg-dm 2-sec

. 7) Computation of Intermediate Values of the'Arguqent.

Cagses are sometimes encountered in practice of a contrary nature
in which an intermediate value y of the function is given and it is
required to find the coefficient of interpolation § and the intermediate

value of the argument x. Such an operation is sometimes called an

2w e
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inverse "interpolation, - .

Then, discarding the last term in formula (106), we obtain és

a first approximation:

y ~y1

| S
e

S/ Looay, T~

As a second appreximation, we find for § from the same formula

(106) :
Y-y
g - i .
l 2
Ayi -\—2—(1 -’E)A Yy

Let us assume in the right-hand side of the above expression
g-El, then in the second approximation:

- ) B

Yy -y 1
g , .ﬂ

2

where §1 is aiready known -from the first approximation.

Sometimes the following expression is used as the third

.

L N

' approximation: ' - o
- Loy -y 3
-53 - . 1 2- 1 . x 3 * :
Ay, = —(1 - —(1 - - )
o ¥y m 5 =587y + = - )2 - 887y, !
R - T X ‘ h ?
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This fsrmulh can be easily obtained from the gencral expression
for the interpolation function (103) b§”§iacing £-outside the
paéentheses, determining E,=z%d éubstituting in the right-hand side
t - 52 known from the second approximation. : ' ;//

"

. The desired value of x will be:

PO

X = X

i +-Ezh ér X - Xy + ;3h°

D

Example 2. .We have the followihg table for the relative

éortion Y of the charge:
' Table 4-e.

Jt-10 20 21 22

v |0.034 [0.042 |0.054

It is .desired to find the value of t corresponding to the inflow

of gases W= 0.038.

Solution. Let us formulate the following table of differences:

Table 4-f. .
t-103 20 21 22
1y 0.034] 0.042 |0.054
Avy 0.008| 0.012 -
a2y |o0.004] - | -

Ye obtain as a first approximation: - : ' : o

-y 0.038 - 0.034 1
. g]. - - - f{. . . }
) - T Ay 0.008 _ ‘
]
A We find as a second approximation: 1
\..
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i Xy 0.038 - 0.034
§2 - 1 - T “ = - 0.556.
0 0.008 - - 3;0.004

1

The desired value of the argument is:

t = t1 + Ezh = 0.020 + 0.556(0.024 - 0.023) = 0.020556.

8) Numerical Differentiation of Functions.

For this operation it is necessary, first of all, to formulate
a table of differences of the given function and to make absolu%elf
certain that the differences of the third order are nearly'constant.
This fact makes it possible to replace the given function (regardless
of the manner in which it ié stated) by the interpolation function

(105) ;
. U 1 2 1 3
y =y + 8oy - 80 - %Aty 4 7;5(1 - §)(2 - E)avy,.

From this we find'the desired derivative:

ds

dy - dE 1 dt dt 2 1 L d¥
w2 Ay, + — |28 - - 2= ]A + = {2 =2 . 68 L2 4
dx dx it 3 dx ~ ax 17 Folalid e

g d¥ )\ 3
3 o——
+ 3% = A Yy

keeping in mind that the differences yi’ Ayi’ Azyi, and A3yi are

7/
certain constant numbers.
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1 T ¥e place the derivative g%- outside the puarentheses:
ﬂ' . ‘-i-g- Ay, + -1—(22 - l)Az.v + -]—(2 - 6% + 352)A3y. :
|3 dx ds] ‘1. 2 i 6 i
But
$ .
o ;- x - x, p
]
1 B
a2
dx h’

e

Therefore, finally:

dy 1 ‘1 ‘9 1. o 1).3
—— o | A + §-_ ANy, +] = - 4+ == ]A .
= h[yi ( 2) Ys 2E' B+ —|a%yy

|

Such is the general working formula for numerical differeantiation
by means of differences of the given function. It permits finding
the value of the derivative at any\value of the independent variable x
i

(i.e., at any §). This formula aséumes its simplest form at § = 0:

This relation permits determining tpe derivative only for those
valués of the argumept which appear in the table of differences of
the given function (;.e., for‘E- b), b& applying the subscript i
successively.to each column of this table.
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If the step b is not a prime number (for example, gg%), the

constant h may be introduced under the sign of the difference of

any desired order. Thereforz, upon introducing into the process

the auxiliary function:

1
by
i

we obtaiu'

1 2 1,2 3 1.3

A - e . s A - e . . - R—
and the working formula for numerical differentiation acquires its
final form:

dy_ s - La% 4 A3 .
dx : |

1 3 i
N 2

.Example 3. We have the following table fory, the relative portion

of the charge: E‘
Table 4-g. . ; i'

t.103 21 |21.5 122.0 ]22.5 i é

- w103 |42 | 47 | 54 | 64 o

It is desired to find the rate of gas forﬁation %% at tﬁé.ihétant §
-t = 0.0210, ;
Solution. Let us formulate the following table of differences: i

3
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Table 4-h.

£-103 21|21.5|22.0!22.5

w-103 . | 42 | 47 54 64
Ay - 103 5| 7 10 g
A2¢-108) 2| 3

o S 183p.303 | 1

3

Since the given values are ti-lo - 21 and\yi°103 - 42, it

—

‘follows that:

3
B(y,*10%) = 55 AZ(y+10%) = 25 A7 (v, 10%) = 1.

\

The first of the working formulas for the derivative %X_
. x

will make it possible to determine the rate.of gas formation (h =

©0.5:109) ;

. 3
- 103 2,0 103y . 1,3, .13
| dt
from which:

) o J51,.g 1

dt | 0.5 sec

: t=0.021
’ . 9) Computation of Definite Integrals.
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Fig. 152 - Determination of ydx as a function of x from the

curve y = f(x).
If it is necessary to find any definite integral:

b

Y = 5 ydx, A

a

’

_where the limits of integrétion a and b are finite, this operation

is equivalent toc computing the shaded area shown in fié. 152, which
is limited at the top by a curve representing the function whose
integral is to be found. To compute this area 'Y, the usual ‘method
is applied first: the interval of integration (b - a) must be
divided into n eyual portions, lines normal to the O-x axis are
then erécted at the points of division, and the unknown area is

divided into elementary areas:

AY AY,,..., AY .

AYl,oco’ n_-l

0’

The problem is then reduced to the determination of these

elementary areas. For this purpose it is sufficient to replace the

portion of the curve\f(xi) corresponding to the elementary area
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AYi by a cubic parnboln, kee, ‘¢ in mind that:
) X341
Ay - J ydx. | .

3

This replacement is accomplished by means of the interpolation

function:

2 . '
y =y +Eeay, - 50 - DAy dra - e - oy,

where

e X = x_ + %h,

so that:

dx = hdf; £ =0 - 1.

fin

.
\

Consequently, after replacing the variables, we have:

N : ) 1 2 1 ‘ 3 1
AYi = h 5‘ yi +E Ayi - "E §(1 - ¢)a yi + -3-5(1 - E)(z -E)a yi]dE. '
s . .

1

We integrate the right-hand side of this relation keeping in

mind the fact that Yyo _Ayi, Azy.i and Aayi, being particular values

of the corresponding differences, .are coastant numbers: . ' j
. 1 )
]
. ‘ 2 3 o - 4
R 1 2 1 [ 2 1(,2 .3, %% 3
) - — A - e | o - - (D —-— - — .
eSS AU A 1 S A7 U o Ea 70 F ‘
/s
0
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from which, after substituting the éxtFeme values of §, we obtain:

Ay = hlyyg + 5 Ay -5 A 5T A

This is the working formmla employed in finding a definite
integral by the method of numerical integration. ’
‘TQ determine the unknown integral, it remains necessary

to summate gradually and successively the individual elementary

areas:
Y, = Yo +AY; Y, =Y, +AY,
Y, = Y, +8Y; e eearraaaeeas
Ceeeieeneeana Y, = Yy +OY .

1‘ :

Exampleée 5; We have the lelowing table for a function to be

\
integrated: : |

\

Table 4-i.

t-103 'l sli12]16] 20

E, kg~cm-2‘§ 26 | 32 | 48 | 88

It is desired to find the elementiry area‘AIi, the subscript i being
applied to the first column.

Solution. Let us formulate the following table of differences:

Table 4-j.

t-103 8|12 16|20

P 61304888

AD 6|16 | 40| -
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Table 4-j (Cont'd.)

a2p |10 24]- | -

A3p ' 14 ] - - -

—m—

Since:

h=4.1073; 'y =26; Ay, =6; a’y =10; ady, =14, &

the elementary area under consideration will be: L . ;

h' - 1 1 2 l 3 - ‘ ;
AY; . h yi-+ 2Ayi 12A yi + EZA s L
- 4-10-3 26 + 3 - 12 + lﬁ ~4-10-3(26 + 3 ~ 1 + 1)=
: 12 24
/

= 4-10,'3'29 =~ 0.116 kg-seCocm“2 = 11.6,kgosec-dm"2.

10) Determination of Pressure Impulse from a Pressure-
: Bomb Test.

As is already known from the preceding course in internal

ballistics, the pressure impulse is expressed by the following relation:
t

I = jpdt;

0
It is cllear that in order to determine it from a “bomb test
ylelding directly the (p, t) curve, it is recessary to compute a
definite integral, for which the pressure of the powder gaées p is
the function being integrated and the time t is the independent
F-TS-7327-RE o " 638 - L
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variable., This can be accomplished of course by means of one of

the usual methods of quadratures. However, it is usually .

necessary to have a ¢urve for the pressure impulse as a function
of the gas inflow ¢; in other words, in addition to the pressure-
impulse IK a2t the end of the burning of the powder, it also

“becounes necegéz;? 4o find a series cf intermediate values for
this quantity, which will correspond to intermediate values of thg

gas inflow. This problem is solved mo§t simply by the method of
numerical integration.

Example 5. Given the pressure curve (p, t) represented by
Table 4, find the correlation (I, ) by means of the iab}e correlating
with t.

Table 4-k - Experimental Table of Y as a Function of t.

t-}03' 0 4 8 12 16 18 | 20 | 21 22 | 23 123.5] 24 [24.5
\P-IO3 of 2. 3 6 14 | 22 34 42 54 79 {101 1127 1155
t-103| 25|25.5(26.0|26.5(27.0{27.5|28.0[28.5/29.0(29.5|30.0(30.5{31.0
\P-IO3 1861221 |260 [304 |354 |409 |470 |53y [61Y |711 {813 |Y19 |1000
Solution. We perform all computations on the working form in

Table 5, without considering third differences, and designating:

) 1 1 2 l 1. 92
2 - + "-A e -—-—A y o + "-'A - A .
y 2 y 12 Yy P ) P 12 o
from which it follows that:
1 )
AI; =AY, = h |y, + —Ay; =~ —A%y | = b L
i i i
! i 2 120 74
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The computations in Table 5 are conducted in rows, prcceeding
from left to right in each vow and downward from one row to the
next, in the following manner.

1) The first row is filled with values of the argument, t'103.

2) The numbers for the pressure are taken from Table 4 (page
: 616). : : -
3) From each number in the second row there is subtracted
% - thé preéeding number in the same row, and the result is written

under the left-hand number of this pair:

23 - 21 = é; 26 - 23 = 3; etc.
4) The numbers in ?hé{}oﬁrfh row are obtained in the same
manner as in the preceding row:
3 -2=1;6~-3=3; etc.
5) 'The‘numbers‘gg the second row are repeated.
6) *Thé numbers-in the third row are halved.
7) ThL numbers in ghe fourth row are divided by 12 and written
with the opposite sign.
8) . Thel numbers in the threc. preceding rows are added.
'9) The {numbers in the eighth row are multiplied by the step h,
the decimal pobint being correctly placed (cf. Example 4) to convert

' ké-sec-cm‘2 into kg-secodm'z.
|

10) To obtain the next succeedirig value of Ii,.it is ﬁecessary
to add to the preceding value of I;_; the corresponding increment

Aii_lt
% ) (* . -

Ii - Ii_l +Ali"‘1’
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or, in other werds, it is necessary tc add the two numbers in the

ninth and tenth rows of the preceding column:

0%+ 8.8 = 8.8;

8.8 + 10.0 = 18.8,etc.

By taking the values for the gas inflow W and the pressure
impulse 1 corresponding to the same instants t, it is easy to
obtain the desired correlation between 1 and P (cf. Table 6).

Table 6 - Correlation between I and ¥ for Test.

1 kg'se0°dm'2 0 9 19{ 30} 45 56 71 81 92 1107 {117 | 12b| 144
\¥'103 x 0 2 3 6 14 | 22 34 | 42 54 | 79 11011} 127| 155

——

I l:g-sec'dm"2 184 | 209 | 238 | 273 | 313 | 359 | 412 | 473 | 544 [ 625 | 718 | 770} 823

! ‘*”103 221 1260 {304 1354 | 409 {470 {539 | 615 | 711 | 813 | 919 | 867 |[1000

Table 6 will be needed subsequently for the solution of the

\ principal problem of internal ballistics (determinatior of the curves

for the speed ¢f the projectile and for the pressure of the powder

, gases as a fuqction of the path of the projectile)L This §b1ution ‘ |
muét be prepared by a discussion of the rnecessary theor&,';hich will ;
be undertaken in the next section.

2. NUMERICAL INTEGRATION OF DIFFERENT&AL EQUATIONS

11) Numerical Integration of First-Order Equation

¥e have such an equation in its genéral form:

F(Y:'y', x) = 0.
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: .
- It is composed of the following elemenis: the independent :
-3 . . |
X variable x, the unknown function y, and its first derivative y'. :
It is necessary, first of all, to determinc this derivative from
e
L i

the general equation:

y' = £f(y, x).

. It is this equation which is solved by the method of numerical

; mkgj'v;i%"-.ﬂ;}\ ‘ AT,
.

integration, regardless of the form of the function which constitutes

é its right-hand side. In practice, what is usually found is not
; the total integral of the last equation (in which case, of course,
] .
f nunerical integration cannot be employed), but, rather, a partial
kz integral, in consequence of wﬁich it is necessary to indicate the
; "initial cpnditions",.i.e., the values of Y, and X In addition,
f the value of X, at the end of the finite region of integration must
A also be known. Under these conditions the desired function will be:
. | *n
S B f y'dx
b
-
yﬂ ) or
.; xn.
- "y = J' f(y, x)dx.
%o

The problem is consequently reduced to the finding of a definite
integral whose characteristic feature is such that the part of the

function to be integrated is played by the derivative of the function.
F-TS~7327-RE 643
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It would seem that, as on the previous occasion involving the finding

P

of a definite integral, it might be possible to perform computations
by rows and to make usc of a “orfivg formula contaxnxng differences

of an auxiliary function with thC/éumc subscript i. Ia actual
practicg, however, this procedure cannot be adopted. As a matter

of fact, the last formula shows that the function to be integrated
includes the originol function itself, and we thus obtain.a "vicious
circle;" .in order to determine the particular value’y1 of the function,
we must know the particulﬁr value éi, and in erer to determine

-~

this particular value of the auxiliary function:

’

we must have the value of vy wvhich is a constituent of the auxiliary
function.

It is now clear that in performing numerical integration of the
equations it is not possible to perform computations by rows, it
being neceéséyy instead to prcceed gradually, step by step, performing
the required computations downward along each column and to the
right from one column to the next.

Let us further assyme that tpe values ¢1-3’ *i-Z’ éi-l and @i

of the auxiliary function have already been found. With their aid

it is possible to compute the following differences.
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Table 6-a.

L L ST | FUCYE L FUR A 2

A% pEig jadyp by
8% (8% 4 W%, ,

Astb A 3‘1’1-3

The above table shows that in order to determine Ay it is not

possible to make use cf the following formula for determining definite

integrals:
1 1,2 ‘1,3,
- =4 - — - .
Ayi §i+ 5 4’1 12A éif24A @19

3

because the differences‘Aéi, Az*i and A *i are not yet contained

in tﬁé table. Consequently, it becomes necessary to derive an

‘additional formula containing the differences:

2
a3

i-3’

already contained in the table.

For this purpose, as on the previous occasion, we shall replace

the Tunctioh tc be integrated, y' = fky, x), by the following

interpoliation function:

. " 3 2

and then:
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i+l Xi41
Ayi - j

X

1

f(y, x)dx = j L Ap(x - xi)3 + Ay(x - xi)o + Ag(x - x4) + Ag 7dx =
- x'
i

1 4 1, .. .3
- TIAO(X - x) 0+ ?;Al(x - X7

’

Xi+41
1 . 2
?EAZ(X - xi) + A3(x - xi)

X,
i
whence
sl at s LB laZ s
Ay, =1 % 3 M7 T 3% 3"
because
\ . X511 xi = h.
|

In\contrast with the preceding case, we shall substitute here
the following values for the coefficients:
4

3., 2. 3,1
’ H
% end 1 2h2
[}
\ 6ay;_, + 3A2yi'_1 + 2A3y{_3 o,
Ag = o A3 =y
6h . i

L]

~—

which are expressed in terms of differences of the function y under
|

the integral. sign provided with the required subscripts.

Following obvious transformations, we obtain:
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) S
g - hiy! + iA -—A2y' + -its3

' !
Ay i 2 Vi1 * 12 i-2 8 )1-3)'

L]

It is usually convenient to make use of the following auxiliary

function:

¢ ~ hy',

.

the derivative y' being computed in accordance with the given equation:

Tyt o= 2(x, y).

Then:
| - . ' - . 2.1 - 2 . 3 ' vz 3
hy; =&;; bAyj ) =8%; 55 DAY 5 =A %50 DAYy 53 AR5
and the working formula.for the numerical integratiou of ordinary

differential equations of the first order will assume the following

form:

1 5 2 3.3
Avg =y ARy Yt T AR

This formula now includes differences of the auxiliary function ¢
provided with precisel& those sup§cr1pté which are required in

. accordance with the table of difference presented above.

o .

It will be seen from -the same table that in order to deteriine
_Ayi, it becomes necessary to take differences from different columns,

which, of course, is inconvenient. For this “reéson itﬂib desirable

.-
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_but the result is written under the right-hand number.

. most disagreeable characteristic feature of the numerical integration

— L e i T 4 . e s BT

to modify the system of writing the differences in such a manner as
to have in the same column differences with different subscripts,

namely:

Tabie 6-b.
Pleia tae | Ya | %
~
- A _
& ad, |88, , | A%, )
-2 2 2
A &’ A éi_s A Q’i_z .
a3s 2%, o
[

In such a procedure each column will contain those differences
which are necessary for the application ¢f the new working formula
for numerical integration.

Rule for writing new differences. From the right-hand number

in a row there is subtracted the left-hand number in the same row,
Finally, from the last table of differences there follows the

of equations: in order to determine Ay,, it is necessary to know the

differences:

3

2
Aéi-l’ A ¢i-2' A ‘bi_sy

i.e., to have the following particular values of the function:

. b 1 by, b

i-3°

These will become known in the ccurse of the process; but at

~—

the start of the integration c¢nly one particular value of this function,
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P
H
L3

namclywbo, is known from the criginally stated cquafiau for y'. “

-

"In order to find- -

IR VI PV /

-

/
4

PRI RO
>

it is necessdry,to employ special supplemen;ary methods, of whach

the,mést commonly used is the method cf successive app;oximationé.

PRI IR W

The essence of this method resides in the fact that, at lhe start

. /
-of the computations, there is adopted a gradual and J&epwise advance,

~.

each new approximation permitting one additional step, in which

TS SWTEX]

those differences that‘have already appeared earlier are utilized.

s/
There exist several variants cf this method, one of which, the

.3 %0 ,____’.,ﬁ;l e ik dp

most exact one, can be best studied by the aid of a concrete example.
Example 6. Solve by the method of numerical integration the

equation:

y' = x -y
over the interval 0; 0.5, with.a .step of h = 0.1, if y = 1 when

x =0,

Solution. All the computations are presented in Table 7.

\ .
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First Approximation

First Column .

13) This is the leading row and is filled first; in the given

case y, = 1.0000 from the conditions of the problem.

' 1) x, = 0 frem the cenditions of the problem.

0
. 2) -yg = -1.0900 in accordance with the thirteenth row.
3) yy = -1; in acccrdance with the given equation for y',

we add the numbers in the first and second rows abocve.

4)@0 = -0.1000; the number in the third row is multiplied

. by the step h =~ 0.1, since:

éo - hy6
. The fifth, sixth and seventh rows are-not filled in for lack
R of data. Then: '
8) ¢y ~ -0.1000; the' number in the fourth row is repeated.
The ninth, tenth and eleventh 1rows are not filled in for lack
of data. Thereupoun:
12) Ayg = ~-0.1000; in this case it is necessary to repeat
‘the number in the eighth row.

Second Column (of the First Approximation)

13) Leading row; Y1 = 0.9000; we add (algebraically) the numbers

in the twelfth and thirteenth rows of the first column, since:

Yy = Yo *+ BYgi

1) Xy = 0.1; we add the step h.

§ F-TS-7327-RE 651

N ¥
-3
! B ‘ CHARLE S A 1CLYER & CO. Inc.
]
™ * i VAR T7oL KT e STAS T SN TR AT RO WAL
H(. 5 TS TR ST R TR (R TN TE I IR SN AT RV AW ST B SRS R




g FEE T - -
3 »..,- Bt

S b

Thirrn B

_é) -y, - -0.9000 in accorcance with the thirteenth row. ;

3) yi = -0.8000; in accnrdancé with the given equation for y'

. /
‘we add the numbers in the first and second rows of this column (above).

4) th- -0.0800; the number in the third row is multiplied
by the step h = 0.1, ‘ '
~ Thus a numbe; appears in the fifth row; AQ?O = 200, for which
we subtract from the number (-0.0800) in the fourth row above the
number (-1,0000) at the left fn the same row, omitting the zeros
at the left for greater convenience.

Wedge of First Approximation.

It consists merely of a single number-A¢_1 ‘and is surrounded by

a heavy line. . To obtain it, we postulate that

Ab_, =A% = 200.

Second Approximation

First Colunn.

13) Leading i:ow:'QO - 1; 1) x, = 0. ‘ .
The second and third rows are not filled, as this is no longer
necessary (cf. first column of first approxim;t;on). Then: ‘
4) §0 = -0.1000, as in the same row of th. first approximation.

-~ Omitting the fifth, sixth, and seventh rows, ve write:

_8) ¢0~- -0.1000; the number in the fourth ro@ is repeated.

9) A% | = 100; we take the difference A% , from the vedge
< : -

of the }irst approximation.

The tenth and eleventh rows are not filled for lack of necessary

-—

+ data.
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12) by = —6.0900;*§e add the numbers i1n the eighth and ninth
rows above.

The second column of this approximation is formed in aﬁ
analogous mﬁﬂécr, with the only difference that numbers appear
in the first and seccnd rows (cf. the number in the thirteenth row
of this column) and in the fifth row, for which we subtract from
the number (-0.0810) in th¢ fourth row the number (-0.1000) in the
same row, but on the left; The number in the leading row is obtained
by édding the numbers in/ahe twelfth and thirteenth rows of the
preceding column. "

The third column is distinguished from second in that a number

(;17) appears in the sixth row, for which we subtract from the number

173 in the fifth row the number 190 at the left, and anotber number

(-8) appears in the tenth row, for which the number in the sixth

* row is multiplied by 2 . 10,
12 24

Filling in the Wedge of the Second Approximation.

In the sixth line we repeat twice the number (-18), noting that:
-2

The number 208 in the fifth row of the first column of the second
approximation will appear in accordance with the definition of the

‘second differences:

L aunas s ouse i

2 2. - .2

A - - [

¢, =2% ;= a% - -18.
N2 -

__1 A‘bo Aé—l’

from which: ' = ,
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A - - 2 - - - - 2
<b_1 AP, - A% = 190 - (-18) = 208,

Third Approxim.tion.
In the first column, after the thirteenth and first rows uare
filled, the places in the second, third, fifth, sixth, and seventh
rows are left blan. «Then:

8) The number in the fourth row 1s repeated.

9) -—;-Atb 1 « 104; the number 208 in the wedge of the sccond
approximation is halved.
5 ,2

10) 12 A ¢_2”- -8; the number (-18) in the wedge of the second
approximation is multiplied by %2.

The eleveuth row is omitted. Thereupon:

12) 1he numbers in the eighth, ninth, and tenth rows above are

added:

«0.1000 + 0.0104 - 0.0008 = ~0.0904.

In the second column, after the thirteenth, first, second,

third, fourth and fifth rows are filled, the sixth and seventh rows

are onlited. Then:

8) The rumber in the fourth row is repeated.

9) -%-Aio » 45: the number in the fifth row of this column

18 halved.

-
10) Ebz* 2" -8; the aumber (-18) in the second column of the

preceding vedge is rultiplied by %g.
The eleveath rovw & likewise om.tted. Thereupon:
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12) The numbers in the eiyghth,

added.

ninth,

and tentin rows above are

In the third column, only the thirtcenth, first, second, third,

fourth, fifth and sixth rows are filled.

first time a number in the seventh row:

-18 - (-17) = -1.

There oppears for the

Filling in the Wedge cf the 1hird Approximation,

We make:

2%

- 3 - 3 - 3 [ TIPS
-3 A é_z A le A bo 1'

The number (-16) in the sixth row of the second column of the

wedge wi)ll appear from the definition of the third differences:

2 2 3
8% ) 8% - 2% ) - -17 -(-1) = -16.

In an analogous munner, the blanks in the rows of the first

column of the wedge will be filled as follows:

A2

2
-5

2 L ]
A% | = ad 1

For convenience of computation,

- 2 - 3 - - - - - - e
é_z A Q-l ATe o 16 (-1) 15;
= 190- (~16) = 206.

the numbers of this wedge are

transferred to their places in the columns of the subsequent normal

computations.

The approximations are considered to be completed

because of the cioseness of the results of the third and second
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lpproxiyations, respectively,
Normal Computatious.
First Column,

——— S——r——— 5

13) As before, - 1.0000; 2) xo - 0,

Yo

The second and third rows need not be filled. 1he .uumbers in the
fifth, sixth, and seventh rows are already in place. Thereupon:
8) 4?0 = -0.1000; the number in the fourth row is repeated.

9) 1%A§ = 103; the number 203 in the fifth row is halved.

~1
10) -QAZQ 2 " -6; the number (~15) in the sixth row 1is
12 -
10
multiplied by 24"

3 2 ) T
11) -BA.Q_a = 0; the number (-1) in the seventh row is
multiplied by %

12) Ayo = -0.0903; the numbers in the eighth, ninth, tenth, and
eleventh rows are added. '

The subsequent columns are filled in exactl, .he same manner.

Attention is once again directed to the crder of computation in
each column of normal computations.

a) First of all, the leading thirteenth row is filled by adding
the numbers in the twelfth and thirteenth rows of the preceding'

columin, because

b) Thereupon, the spaces in each column are filled from top

to bottom without omissions.
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12) Use ot KH?PEQF“',!"E§KY§‘10P"Q{_‘hP First-Order kquation
' with Argumwent v,

a—— ————e ———m -

e —— e e e ro—— —

The method of numerical integration must be appiied to the

solution of the following equuation:

P

dl
- l 2v (( + l),
dv yz 2 v
fp ¥ - v |
VZ
fip ’
1
/
where:
W l* - !A -lawo

In the physical law of powder burning the correlation between

and v is given by a table, whereas in the geometric law:

usoqm Klqumg 9

- \? -+ V 4 oo Y2,
¢ s1 5212
k Tk

Since it is also necessary as a rule to find the pressure curve,

it is preferable to make use of the following equation:

pmyv %l! = ps,
whence
(-i-l- - ﬁ ...v.. -7
dv s p’
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It is not difficult to see that the auxiliary function ¢ is

fournd in the given case from the following relations:

2
v
“ | b
fw m
lo=ly - lawi ""'E"‘,"‘.';',‘B" - == (*
¥

As for the working formula of numerical integration, it has the usual

form:
' 1 s 2 3 3
Ati -.Qi + -2—AQ1_1 + ﬁA ‘1_2 + ?A 11_3.

The purpose of the preliminary computations is to determine all the

éonstantl:
. w u - q_?- 2 - -!. g— b4 u’
1) s H 2) s ‘s. 3) Vnp 2 e . S ’
‘)‘J t - -“l l- - .l. . 5) ‘ - ::- Q - -_1__
a s\a "3’ a s 8 /'
1.1
, A 8 fo
6) *o - » 7) -.""o
4 +a )}
Po 3
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To determine the step of integration h, the speed of the projectilci

vy at the cnd of powder burning must be known, and then:

h = <’
where n - the number of séctions - 1s taken in the range of 10-40,
depending upon the density of loading (as this density increases,
the number n must also be increased).
¥hile determining | and p, the same working form muy be used
to find”the time of motion of the projectile in accordance with the

following relation:

at Lem 1
dv 8 p

in the form of a definite integral.

Example 7. Determine the projectile velocity and gas pressure
curves for a 76 mm gun, given the following conditions: WO - 1,654;
s = 0,4693; Q‘- 18.44; q = 6.5; Py = 30,000; f = 900,000; a = 1;

8 =1,6; 0 ~0.2; w=0.930; = 1,05; g = 98.1, using strip powder
type SP (1 x 18 x 40 mm). It is assumed that the p@wdcr burns in
conformity with the physical law de.ived from ithe pressure-bomb test
presented in Table 5 (correlation between I and ¥).

To start with, we find:

log 5 = 0.2970; log '-‘l;-! - 1.1709; 1log vﬁp - log 2?? -E- % - 8.0803;

A . --— . - * -f-‘:’ -
lA l0 1 - ) = 2.284; log lg = 1.8710; ¢ = 0.038; log — = 6.2512,
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From the valuc\+0 found we compute the value of t,. by inverse

0
fnterpolation with the aid of the data im Table 2 (cf. Example 2,

Subcection 7)

to - (,020556 see

. \
For this value of to wve determine the initial impuise IO by

. direct interpolation with the aid of 1able 4 (cf. Example 1,
Subsection 6): '

lo = 76 kg-sec~du‘2
¥e find the velocity of the projectile at the end of burning
- 0f the powder, keeping in mind that IK = 823 (cf. Table 5):

Ly = (7 - - .sec-}
v‘ ?.(!x lo) 5040 dm.sec

Bt choosing n = 20 as the number of sectidns, we obtain the
step as being:

-

v
h e —Xw 252 dn.sec™}
20

80 that
| log ’-'-;h - 1.5723; log !g- he10% | = ¢.5723.

. __On the basis of Table 5, we plot the (¥, I) curve to the

following scale: fory, 1 mm = 0.001; for I, 1 mm =] kg-sec-dn’2
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. ¥¢ read on it the vilues of the pis 1nflow ¢ corresponding to ¢ ,uul

intervals .
] s
23 - .
§£____Z§ - 37.35 kg-svc-dm'z
20
. for the pressure impulse, or, what is the same thing, to egjual

intervals h = 252 dm.sec™! for the velocity of the projectile.
These values of Y'are given subscquently in the working form

used for performing the computations (in the fifth row).
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The working form cun be broken down into three main sections.,
The upper section contains lines 1-24 and is rescrved for computations
necessary for determiring the logarithm of the auxiliary function
ian accordance with the relations (*). Conscquently, the pressure
of the powder gases is also found at the same time. The values for
the gas inflow in line 5 are first read from the (y, I) curve in
the case o} {he physical law of burning of.the powder or computed
in accordance with the corresponding formula in the case of the
geometric law of burning.

The upper section is the most involved part of the work and
makes the use of'four-place logarithms obligatory.

In the middle section, which consists of lines 25-34, are
perfo?ned con;utations necessary for the use of the working formula
for the numerical integration of a first-order equation:

5 2 3,3 ¥

1
At - — u— —
g =8¢ 704y t le ¢ .t 8A 61_3._

and for finding the path of the projectile: l1 - li—l +Alg -
Finally, the lower section, consisting of lines 35-47, is reserved
for finding the time of motion of the projectile in the bore in the

form of a definite integral, using the following .working formula:

1 1 .2 ) U TR
At1 r1+—2-Al"1 -EAP1+2—4A Pi'

. This section 1& best filled after completion of the numerical
integration of the equation for the path of the projectile:
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i.e., after the two sections audbove it are filled.

It is8 useful to point out some of the charucteristic features
of the computations.

2) The path of the projectile is determined with an accuracy
of 0.00]1 dm; the time t, within 0.00001 seconds.

b) To facilitate computations, only one approximation is
made, and only one wedge is filled out (cf. line 26, first column
of the working form).

¢) At first, the differences of the auxiliary function up to
and including the second order are introduced.

d) The third differences of this function are utilized only
after p_ is passed. ’

e) The second difference of the function & appears only in
the second column of the normal computations.

f) The rows which are not filled are: lines 2, 3, 4, 6, 7, 21,
22, 23, 24, 27, 28, 30, 31, 32, and 35-47 in the first column, lines
27-33 and 35-47 in the second column of the approximation, lines 2-24,
26, 27, 28, 31, and 32 of the first column of normal compytations,
and, finally, lines 2-12, 27, 28, 31, and 32 of the second column of
ﬁor-al computations.

g) Line 34 is the leading row and is filled first in each column.

For a more definite conception of the character of the work involved,
vhen filling in the two upper sectious of the working form it would
be desirable to describe in detail the computations pertformed for
F-TS-7327-RE 664
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one of tue columns, for esample, for the column of normal computations
~iv, - - RO4. )
34) The wumbers 'n ltace 33 and 34 of the jprecedisng column are

added:

{ = 0.198 + 0,064 = 0.262. T~

" since:

'1 - '1..3_ + Ali'-:;

1) We add the integration step h:

' \

v =252 + he= 252 + 252 = 504;

2) The number in the preceding row, v = 504, gives:

J{ PO

' ) 2 log v = 5.4048;

2

np is takgn:

3) The complement of the logariih- of v

- : -log v“p - 9,9197; f, ;
4) The logarithms in lines 2 and 3 are added:

2
g 5 - 5.4048 +79.9197 = 3.3245;
vﬂp

8) The value of } is taken from the (¢, I ) curve:

¥ = 0.166;
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6) ‘The logarithm in line 4 is used to find the numbér within

f
y
g,

0.00LY: .,

Vnp

/

,

7) The number in line 6 is subtracted from the number in lipe

5:
v2
¢ - == = 0,166 ~ 0.002 = 0.164;
v2
Np
8) The logarithm of la has been found by preliminary computations:
log [, = 1.8710;
9) The number in line 5 gives the logarithm:
) log ¢ = 1.2201;
10) 1he logarithms in lines 8 and 9 above are added:
log {, &= 1.8710 + 1.2201 = 1.0911;
11) The reduced length lA has been: found by prelfminary computations:
) ly= 2.284;
. 12) The logarithm in line 10 is used to find the number within
0.001: e
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(¥ = 0.123;

The number in line 12 is subtracted from the number in

/  1ide 11:

L

o lg =1y -1 ¢ =2.284 - 0,123 = 2.161;
i 14‘ The number in the leading row, line 34, is taken:
/ { = 0.262,

15) The numbers in lines 13 and 14 are added:
y Lo+ [ = 2,161 + 0.262 = 2,423;

16) This logarithm has been obtained by preliminary computations:

log -’-5‘5’ - 6.2512;

- 17) The logarithm of the number in line 7 is found:

: v\ - '
log { ¢ - CH - 1.,2148;
v
fp

" 18) The complement of the logarithm of the number in line 15

is taken:

.. . //

-log(i, + 1) = -log 2.423 = 1.6257;
- °

/
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The logarithmns in lines 16, 17, and 18 are added:

log p = 6.2512 + 1,2148 + 1.6257 = 5.0817;

20) The logarithm in linc 19 is used to find the pressure-
at-v = 504:
p ~ 1207 kg-cm'2
21) This logarithm has been obtained by preliminary computations:
log (23 h) - 1,5723;
22) From the number in line 1 we have:
log v = 2,7024
!
. 23) The complement of the logarithm in line 19 is taken:
~log p = ~-5.0817 = 6.9183 ‘1
24) The logarithms in iines 21, 22, and 23 are added:

log & = 1.5723 + 2.7024 + 6.9183 = 1.1930.

¥e now proceed to the next, middle, section.

25) ~The logarithm in line 24 is used to obtain the pumber with

ap accuracy of 0.001:

02 = 0.156;
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Al2 4’2 + 2“’1 4 ,2‘34’0 0.123,

It is now possible to take the unext step, i.e., proceed to
the next column with v = 756, starting the computations therein,
3 .28 always, from the leading row, line 34,

E' - { * At the luzzle,/;e have: v, = 585\;7860; Py = 625 kg’cmz.

13) Numerical Integrztion of the Sccond-Order Differential
iy EqQquation.

In the general case, a differential equation of the second
order contains the following components: the independent variable x,
3 the function y itself, the first derivative y' of the function y
with respect to x, and the secopnd cderivative y" of the same function
with regspect to x. Consequently, tﬁis equation can be represented

in the following form:

§ o
; F(x, ¥, ', ¥y") = 03
‘ '
where the symbol F represents an elementary function or a combination
L of such elenentar}’funétions.
;, Numerical integration makes it possible to solve this equation

- ---4in any form, provided only that the given equation permits the

‘determination of the second derivative as an explicit function of

all the remaining variable quantities:

° A )

y' = 2(x, y, ¥').
In this numerical integration the increment of the derivative
Ay' is determined by the aid of the following formula:
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where use is made of the following new auxiliary function:

¢ - hy",

expressed in terms of the second derivative of the desired function.
It is not necessary (o derive the fundamental formula for Ayi by .-
means of y" and differences of this second derivative, inasmuch

as this formula is already obtained from the previously derived

relation
‘ - ' _}_ ' _5__ 2 ' _3_ 3,
| Ay, = h y, + 2Ay1_1 + le Yig t A& Yi_3

' by simply replacing Yi by y{ and yi by y;.

On the other hand it is necessary to derive a working formula

for the increment Ay of the function itself in terms of differences
of the second derivative rather than of the first. Such a formula

should simplify the work, becausc in computing Ay it will be possible

to make use of the already available differences of the auxiliary.

function ¢, and it will not be necessary td find the differeuces .

* of still another auxiliary function:

F = hy' -
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For this purpcse, we shall utilize the equality

CHARYES AU R & LD LA

. X141
- '
Ay1 5 y 'dx.
x4
K But in all cases
4 - x
: . ‘ ’l - ’1‘ + 5y' - yi +$ y"dx.
i / X4
f Leihus replace here the derivative y" by the following inter-
B polation function:
EA "wA(x -x )3 + A (x - x )2 + A,(x - x,) +A
,. . y 0 1 1 i 2 i 3’
aad then
.
| x
‘ : 3
i ' y' - g+ j. [TAO(x - x)° + A)(x - xi)2 + Ay(x - x,) + Az / dx =
| X3
f
E
|
| 4 " - + 4 4 1 3 1 2
} _: MRy A.o(x - x) 4+ 3 Aj(x - xg)% + - Ag(x - x )% + Ag(x - xy),
? 3
|4
e
! q - so that, consequently
! X141 . . 1 .
A
) , . - ' — - -
}ﬁ o - A’i ,5. y; + y Ao(x xi) + Al(x xi) +
i w’l ’ -": x‘ /
z;l
} 4 .
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1 2 N P 1 4 (e = . )5
4 5 Ag(x - xi) 4 A3(x - xl) dx )i(x x;) + 55 Ao(x xi) +

s
?

.
b
)

x1+1
) ) 4,1 S I | 2
53 Al(x - xj) + S Az(x xg)" + > A3(x xy) ’
. 51
whence
1 4 1 3 1 2 1
- ! -— + =— A hY + — A + —A_h
Ayi h yi +20 th 12 1 "6 Zh 23 ’
because
X441 - %3 = B

We shall substitute into the last expression the following values
for the coefficients:

3

2 " 3 "
A7y43 b7yig * B¥{ 3
Ao - s Al - H
6h3 2h?
é 2w 3 " |
‘ 6ay{_y + 347y o + 287y{' 3 \
A, = i Aq = ¥4, |
‘ 2 oh 3 1 \
because the part of the function is8 here played by the derivative

|
y", which has bcen replaced by the interpolation function.

After obvious transforpations this substitution givés:

- — \
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1
if, instead of the inconvenient number i§% we take the closely

approching it number:

18 _ 1

180 10

c

It rema’ns necessary to make use once again of the auxiliary

function:

6 - hy",

and then, finally, in the numerical integration of the second-
order differential equation, we shall have to deal with working

formulas of the following type:

1 5 .2 3 3 .
Ayi - @1 + TA’i-l + ﬁ A 4’1_2 + -EA ¢1_3,

|
E
i
|
|
| :
1 - ' 1 1 1 1 .3
g Ay = h ! + =&, + — + —¢d4.90 + =
i ; 71 (y‘ 2t gAYt T2 T g Ry
; To simplify the computations, it is better, however, to conduct
} the numerical integration with so small a step h as would enable us
i F-TS-7327-RE . 674
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to do without third differences.

At the start of the numerical integration, as before, most
frequent use is made of the method of successive approximations.,

The nurber of rows in the lower part of the form will increase
(in comparison with the number of rows ip the lower part of the form
for the integration of the/first-order cquni?bn) by at least seven

rows, because in addition to the ten rows:

1 5

2 3 3
Q:A*:A QoA é: Q’ "2"A_§’ E

Azq’; ’6‘631" Z’ by' = h:r y's
corresponding to the lower part of the form for the numerical
integration of the first-order equation, there will also appear

the following additional rows:

1 1 1 2 1 3
-Eq)’ .6'"A§! -S_A Q’ 'l'aA 6,21’ Ay - h:l" y.

In the method under Eonsideratioh, the computations themselves
are in no way different from similar cometations for the solution.
of the first-order equation, so that the nced for citing a special
example is obviated.

14) Use of Numerical Integration of Second-Order
Equations with Argument t,

In this process the leading part is8 played by the equation for

the forward motion of the projectile:
dv
m——-s
tP dt. p’

from which it follows that

F-TS-7327-RE 675

; . . CHAUG A MR A CG I
A T T R T I T e 2 e B i A S el 4 ke
— = kit N " " PO P 3 ﬂ_&';

L S A NG U e Ve et owm B T ST

e 1




" - -8_ i
i lt ?m p’ [N - . (107) ‘
] fves . P
3 :2 because
".:,- 4 d( Y
poy av_ - y! w| 2 - "
S at Yt 7| at e g
i t
g
E 1f the phenomenon of recoil is not considered in the explicit form.
:é Equation (107) is subject to numerical integration by means
: . of the following relations:
3 2
3 . ¥ 5 ‘
r- L fw Vap -
i ) 4
> : Cy,
g: . ( which have alfégdy beén-énployed earlier. The auxiliary function $

is equal in this case to:

where the step h is already a cettain time interval of the motion
of the projectile in the bore. This step is chosen in advance.

The working formulas for the nuﬁerical integration will be:

‘:X«_OV

44ms
3 rdZ

v
£ 270 g
. 74D

1 | 1 o )
Al - — e —— ——
g = b (v1 5 o, + 5“1-1 + 5 2%, o+ o2 ¢1-3)’

b;Eiuse the function y to be determined represeuts in this case the

11- relative path | of the projectile in the bore, and its derivative y'

is the velocity of the projectile v..
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The preliminary computations are reduced to the determination

of constants:

2

1) log %; 2) log ¥ 3) log vnp;

S 4)IA i 5) log lu: 3) Yo

7) log 1;-'-’. ,

48 in the case of numerical integration of a first-order equatiocn.
The values of 10’ Il( and vx are found in ap analogous manner.

The g;s inflow ¢ is read off the (I, ¥) curve, but, in contrast

with the preceding case, it is necessary here to find for each point,

during the process of integration itself:

because the integration gives values of the velocity v 'which are
separated from onc another by unequal intervals. Ouce the value of
ihé pressure impulse is had, we can obtain the required value of
from the I, ¢ curve. Consequently, this curve cannot be utilized
in advance,.‘but it must be available in the course of the entire work
of numerical integ'ratiorx.

In the case of the geometric iaw of burning, the I, ¢ curve is

replaced by the following relation:

nsoqm quzn2
Yoy + v + ve.
0 sl 8212
K K
-7 ,
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] ath, and Pressure Curves. |
1B ' 1) Time; 2) pressure curve; 3) velocity curve; L
73 4) path curve. _ ' <
Y 1
g e . H
33 Figure 153 contains curves for p, v, and [ as functions of time
o . o
}; t, obtained by numerical integration with respect to the argument t. co
s v
) § i
";‘)? 1
>
2 I

it
P
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Computa .on

0 25 25 50 0 H
1.1709 1.1709 | 1.170v I
1.7076 1.7404 | 2.0755 i
0.8785 0.9113 | 1.2464 ;
8 8 18 f
™ - 76 76 76 i
!
76 84 84 94 Z
3.4152 3.4808 | 4.1510
i log vg, 9.9197 9.9197 | 9.9197
2
10 | log '-};,'-- 5.3349 5.4005 | 4.0707
Ry .
53 11 Y 0.045 0.045 | 0.057
T 2
f‘“ \ 12 --g— 0.000 0.000 0.000
g X
Ab«‘ﬁ “pz
=4 113 |- X -~ 1 o0.038 0.045 0.045_ | 0.057 .
2%3 ' V%p dg
A N
114 | 20g ! 1.8710 | 1.8710 1.871¢ | 1.87.0 Ny
3 15 | 1og v ~~ |7 2,5793 | 2.6532 2.6532 | 2.7559
16 | log I w 2.4503 2.5242 2.5242 | 2.6269
. j T | 1 2.284 | 2.284 2.284 | 2.284
o las | -l e ~0.028 | ~0.033 ~v.033 |-w.u42
=L
IS I VI B SR T2.25 | 2.251 T2.251 | 2.242 -
“if |20 t 0 0.006 0.007 | 0.029
( + 1 2.256 2.257 2.258 | 2.271
og 2 © 6.2512 | 6.251%: 5.2512 | 6.2512 |
8
V2
| 10g (- -;5-- 2.5793 | 2.6532 2.6532 | 2.7559
-t ‘ v
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Vnp
14 | 20g 1 1.8710 | 1.8710 1.871G6 | 1.87:0
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T | Ty 2,256 | 2.251 - 2,251 |2.242 )
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4 .
v f
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2.256 2.257 2.258 2,271
6.2512 6.251. . 6.2512 $.2512
2.5793 2.6532 2.6532 2.7559
1.6466 1.646. 1.6463 1.6438
—_ N I
| 25 | log p 4.4771 4.5508 4.5509 4,6509
. st
26 | log (;;‘1) 3.2270 3.2270 3.2370 3.2270
27 | log & 1.7041 1.7778 1.7779 1.8779 |
28 | p kgecm=2 300 355 n 300 355 448 300
a
29 ¢ 51 - 60 l 51 60 76 |' 51
30 AS 9 (2) 9 16| (@
2 (9) !
31 AP (7) (7) 71, (7)
32 Ade !
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L34 | L Ad 4. 4 | 1
2
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. 12
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8
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CHAPTER 2. SOLUTION BY EXPANSION IN TAYLOR'S SERILES

Integration of equations o; inté;nal ballistics describiang the
relations existing between” the fundumental elements of a shot leads
to rather complex dintegrals, which can be solved only by means of///
quadratures with any desired degree of accuracy (Professor Drozdo;'s.
solution). In this connection, in order to make integration possible,

some of the varjable parameters in the fundamental eguations (0, u_,

. ) 1

po, etc.) are usually assumed to be constant,
The method of numerical integration makes it possible to solve
a system o} differential equations not only without simplifying the
.functions enkering same, but even by assigning variable values to
those quantities which are usually assumed to be constd;t. This
makes it possible to snlve the problem on the basis of any desired
hypotheses concerning the character of burning of the powder, the
law of resistance to motion, the design of the bore, etc.

In solving the problem by the method of numerical integration,
it is necessary to proceed successively from one value of the
argument to another by the addition of its fiuite diffefénces, starting
at the very beginning. For this reason, for example, it is not
possible to determine in advance the values of Py Or the values of
the variables v, | and'b corresponding to the end of burning of the
powder, it being nec: -ary, %nstead, to compute successiveli, poist
by point, the elements of the curves of pressure p, the path of the

projectile |, its velocity v, etc. This constitutes the disadvantage

. of this method. Moreover, the netﬁod of numerical integration gives

e

the relation between the individual variables only in the form of
numerical tables, rather than in the form of analytical formulas.
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In spite of these disadvantages, the method of numerical

!1 integration may serve o$ a means for indirect verificution of the

degree of accuracy obtained by the wid of the various approximate

analytical methods auvailable,

in this connection, when developing new theoreticial pioblenms,

e v

nunerical integration may be utilized for determining the errors | %
involved in the transition from exact equations and relations to

otlers that are less exact but more convenient from the analytical |
point of view. Numerical 1ntegra?10n may be employed with equal

success both in the case of the geometric law of burning and in

the case of the more complex physical law of burniung; it may also

be applied to barrels having a bore of variable cross section.

In the USSR the method of numerical integration was first
zi applied to the solution of ballistic problems by V.M. Trofimov in
. .1918. This method has been developed in great detail by G.V.
O} pokov, who employed the method of finite differences (1931-1938)
. discussed above. .
In 1932 P.V, Melentyev proposed to apply the method of expansion
in laylor's series for the numerical solution of‘equations in
E ' ballistics, and th%s method, after being subjected to certain
modifications, has been found to be sufficiently convenient,
Investigation qt the fundamental relations expressing the
conditions accompanying a shot shows that all the principal elements
(l, v, ¥, and p) can be expressed in one form or another as functions
. of thé'path | and of its derivatives with res;ecf to time up to the

third order inclusive.
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As a matter of fact, taking the fundamental system of equations
expressing the relationship between the elements of a shot, we obtain
the following.

1) The fundamental equation of pyrodynamics or the equation

of transformation of energy:
) 0 2
-ps(l*+ [) = fuy - 2 v
2) The equations expressing the law of burning of the powder:

Ye=xrz(l + Az);

de

—— 0 ] =y p'
dt 17
S
ay 1
e 88 -—6 LA 6“ .
ot Ay P T thP

2 .
ﬁ ps-(en—-d-!-(fng-l—- ‘?ml:'

where \

v being related to z by the following equation:

o’ sl
Vve -:F; (z - zo),

S Am—
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whence

- Wm
7 = 7 t —— V.

sl

Ali the variables entering into the fundamental system of equations
can be exgressed in terms of the path [ and of its derivatives, since

Ve ), 2z=2 -+ L. t's ¥~ being a function of z - will also be

0 t
slx
expressed as a function of l{, the pressure is proportional to l;,
and the derivative g% is proportional to lzf. Consequently, if the

time t of travel of the projectile through the bore is taken as the
independent variable, and the path of the projectile ! is taken as
the function to be expanded in a series, it becomes possible to
employ Taylor's series for finding the value of the path ln+1 and
of its derivatives for the neighboring segment corresponding to the
time tn+1 - tn + At = tn + h, provided that the valucs of the path
ln and of its derivatives for the preceding instunt tn are known, .
It is thus possible to find all the elements of burning of the powder
and of the motion of the projectile during a shot, i.e., z, ¥, v, p,
{, and t.

Let it be assumed that for a certain instant of time t, the path
l, and its derivatives with respect to time l&, l;, l";,... are known;
if a sufficiently small increment of time At = h is assumed and

consideration is limited to derivatives up to and including the ‘third

R order, then, in accordance with Taylor's formula, we shall have for
tn+1 - i, + h:
] F-18-7327-RE 683
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2 3
! , " [ +nl' 4+ h_ " + h "', (108)
n+ n n 2 0 5,3 n .

~

Differentiating with respect to t and rejeciing the terms

-containing l:v, i.e,, considering that l;' is constant cver the
given interval At and equals its mean value, we obtain:
/'} \ ) ] L ” hz "t
lher © ln + hln 2 ln !
A}
— . l"' "'1
" - " 4 hi" - ("4 n n+
Lo ‘n ‘n av. (n h 2 !

”"ne (1]
'n + 'n+1

where is the mean value of the third derivative in the interval

. .
under consideration (Fig. 154). From the last equation we obtain the

"we 1. ._z..l. _?.'-
following value for tn+1. n+l - n+l S L, L, -

v - o
3

Fig. 154 - Diagram for i: and l:'.
As has béen shown by P.V. Melentyev, it is more convenient to
compute not the derivatives themselves, but, rather, the quantities
proportional to them, namely: hl°', gzl" and Eil"" Therecfore, by

multiplying /!, by h and [V% by 'l,z, we will obtain the following

| equstions:
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W:L’Mq

3
. 'S - ] 2 L |3 e , 9
h!“.l hl".+ h (n * = (n ; (109)
/
h3 2 2 r"
',l - . - " - e
5 'n+1 h (n+1 h ln 5 ln . (110)

Comparing these two equutions with the initial equation (108),
it will bc seen that [ enters everywhere without a coef;}cieni, !

enters with the coefficient h, [" enters with the coefficient h2,

3 -
and !"' enters with the coefficient -%—. This considerably accelerates

the subsequent computations.

/

The expression for the second derivative lz will be:

l"-‘-p

or, multiplying by h2:
hzl.. - h2 §_p. . = (111)
t Wm

i, combining the resulting values for the path { and its
derivatives with the equations of the fundamentul system, we obtain
the totality of formulas necessary for the solution in the following
form énd sequence, which corresponds to the order of their application,

the constants encountered being designated below as follows:

L LI fw . Ogm 1 s . © I T
SIK ks ) kgs 2tw vzn k3’ ¢m Ky 8 a s T ,
p
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YUY 4

e v At 2

A

3
[ ' - . 21w L " ,
hln+l hln + h ln + 5 !n H (1)
? .
hi'
n+l
a1 T TR (o
' - i K - .
Zn+l 20 + 1 vn+l zU + kl.vn-fl' (I11)
- . K
Y 2 R .
Yas1 " %%t *X7n+1’ avy
$ 4 1 ,2 13 -
- L N L] -— L g0,
!n+1 ln+h!n+2hln+321n, v)
2
Y+l
‘Pn+l % ¥ K v2 )
System 1| p_ .. = %" R T AL M ML (V1)
l¢u+1 + ln+1 ‘A' a¥n+1 t 'n+l
1 e
1
. n2[n - p? S nZk,p (VI1)
4 n+l ¢m n+l 4% n+1’
ns 2 2 h3
—— ”"”e - " " - "e
1 5 lowr =D lpy -0 -5 10 (VIID)
o
E ‘ The subscript (n+l) designates those values of the derivatives
‘ ut the end of the given interval of time vhich, in the process of

’ corresponding rows of the right-hand neighboring column; however,

the transferred values now bear the index n because they characterize

E computation, are transferred from the column being computed into the
|
t the initial value of the given quantity in the next column.
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In order to perform the computation by means of this totality
of forrulas, the vilues of | and of its derivatives at the sturt
of the projectite's motion, f.e., at the instant t = 0, must be
known. Since at the start of motion the path [ and the specd v

are equal to zero, we obtuin:

thy, =0, (1IN = (g =0, (") = kg, h2(I"¢ = hZkyp

0’
vhere pg is the forcing pressure usually specified beforehand., As
regarcs the third derivative (l"')o, we shall first find an expression
for it at the present instant in the form of ("',

To determine I, we differentiate the equation l; = k,p with
respect to t:

"e - ] N
lt k4pt

But the quantity p{ has already been cderived:

23 ol 1 4 p

> — —_— |- vQ +0) |,

P
t lv-+l

for the start of motion when [= 0, v = 0, p = Fogr and $= ¥ ; we

0
Po fw 8 ‘:_5_2 1

Pg
. * - -
will therefori obtain: (pt)0 '* 5 Ty 1 + Tf; k2 IK +
\
R
{, \
1 Yo \

A

The quantity (1 + f%' - » and this expression is therefore
1

s
l
Yo
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ot ot

e : A ALIECOIAT S v b =0 e MW e T T

sometimes given in the following form:

%6 |
0o a
(pt’)u = ko ——-I _—x—u} bye
K 0

Consequently, the value of the third derivative for the initial
instant is likewise known:
3 3 xe |

3
| T ' - b -0 25
=lo = KPP = T KKy Ty 7 °

o

and it is possible to begin the successive solution of System (I)
first for the first column corresponding to the interval of time
At = h, then for the second column, etc., thus obtaining a successive
series of values for [, v, z, y and p as functions of t.

The quantity h = At must be so chosen as to obtain 10-15 columns
for the period of burning of the powder, which will give a
corresponding number of points for each of the quant{ties p, v, 1,
and . .

Since the t;;b of burning is fundamentally determined by the

thickness of the powder, the interval of time h = At may be taken

_ approximately according to the formula:

h20.001 e,

where e1 - ~% the thickness of the powder in millimeters, h being

rounded off to one or two significant figures (to 5 in the second

significant figure). For example, if 2e1 = 1,28 mn:
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' h = 0.0u1 (V.64) = 0.00064 = 00,0006 or L,LU0EGD
Since vy and IA are known at Jeast approximietely in advance,

it is possible, afiter comjputing the average time of motion of the
} ) [ 4

f
k, = _‘.‘_’.‘L‘; k. = ..‘.."'_.; k, = Qym . ._l_. (small quantity); k4 - =2

o

21
nrojectile "\ = ——, to tuake for the value of the time step (increment)
av, v
Al = h = a;’%’, rounded off to two sipgnificant figures.
—~
Sequence of Computation, All the constants are comjuted first:
i 1 _ 1 1 _1 _—
a ) A 3 '
x,k,x)\, A, ¥ o= = ; 6 0= 1+4_}_4,;
) 0 ®» 0
1 1 f 1
< —_— 4+ q - = —_— —
Po S Po 81
¥ &5, | .o ! 1'/. " l A
zZ = H IK - e 0 = e A- — w - — - l] = — ;
0 (s, + 1) U, 5 s\ 0 & 0 3
. w 1 w ©q
a4 = - A = o . eme— l -l - M = c—— h o~ 0.0 -
s 5|85 4y T TR T ETT ey

) 1 2 s 3 2fw 2 =
: sIK Vnp ¢
h2l"-h2kp' 'ﬁ.]"'-.l‘_s.kk m.__g_lﬁ._ -tf..k’:fﬂ1+
0 40’ 2770 2 472 Iy 2 Po = 27" 1
Yo
2
P
, . + =) %
£8, Yo
[}
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The sequence of computatior i1s not affected regardless ot whether
- -

. -
the computation is performed for a degressive or i progressive
P .

powder,

In computing the segment after the Mlecomposition of the
progressive powder,it is necessary to substitute for the usual
formula the following previously derived formula:

¢ - wg + xz(z - 1)[‘1 + Az(z - 1)_7 -~ys + xz(z 741) f xzxz(z - 1),

1

/

where z varies from 1 to 1 + Ez_’ and Rz and 12 are characteristics
. 1
of the powder form after decomposition,

-~

A form for conducting such computations is presented on pages

691-692.
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Table 7-¢ - Computataion Form for the Solution of Problems in
Bailisties by Exjausion an Gaylor's Series,

Subscrvigt n: G 1 2 3
ot e e — et e T _ K -
Computation Formul.s | _Columt No. . 1 1 2 ] 3

’ lime 1t 1 (n ~ 3)h! 0.0008] 0.0016 | 0.0024
h = (.0008 l. hi' 0’ 1.1322 | 0.3856
!
' 9 n3 ' 2
hi' =~ h|' . h7l" + =" 2 het" 0.0958 0.,1928 ]0.3546
n+l n n 2°n0 n |
h3
hl(')' -0 3 -5-1"' 0.0364 | 0.0606 [0.1012
2 t
h“ (" = 0.0958 4 hi{' 0.1322 ] 0.3856 {0.8414
0 i n+l
h3 |
"y -
hi' hi{'
. n+l1 n+l
\ﬂ+1 - o 5 \'n+1 - T 165.3 482
"
zn*l - 70 + klvn+l 6 ) klvnﬂ 0.0308 §0.0899
kl ~ 0,0001864 7 zo 0.0297 {0.0297 10.0297
8 Z,41 0.0605 10.1196
- 2
Yool = R7 ., + *x22 9 R7 0.0641 [0.1268
Re 1,06 +
XAa -0,06 10 ¥zl 0.0002 |0.0009
»
11 ¥oe1 0.0639 [0.1259
12 k3vl2ﬁl 0.0002 }0.0016
ky = 0.087030 13 | Y4 - kgv2 ) 0.0637 |0.1243
k, = 2,850,000 14| k,(p 1 = kav2 1) = 1181500 | 354300
= Ay
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Computation Form for the Solution of Problems in lutornal.

ol =
Ballistics by Expansion in ‘laylor's Series.
Subscript n- 0 1 3
—_—— _ - —— —— e .
Column MNo. 1 2 .9 Renarks :
i
Time t_ = (n + Dh| 0.0008| 0.0016 | 0.0024 §
¢ 1 h'é 0 1.1322 | 0.3856 | From line 4 of preced
column
. 2 n2 (- 0.0958 | 0.1928 |0.3546 | From line 25 of preceding
n columu. Into liie 26 of
ha the given columi,
3 =" 0.0364 | 0.0606 |0.1012 | From line 28 of preceding
" column,
Into line 27 of the given
columu,
4 hll"+1 0.1322 | 0.3856 |0.8414 | Into line 1 of next column.
Into 1line 16 of next
column,
hlr'n»l
' 51 van = h 165.3 482
L 6| kv, 0.0308 | 0.0899
7 z, | 0.0297 | 0.0297 |0.0297 {In all columns. ;
!
{
9 7.4 0.0641 | 0.1268
+ ‘ !
|
! o !
jxo Klzn+l\ 0.0002 } 0,0009 ’
. i X ;
4]1 r *n-&l 0.0639 |0.1259 -
412 kgvZ 0.0002 [0.201A
\
13 | ¥4 - kgv2, 0.0637 |0.1243
.| 2 . )
14 k2(*h+l k3Vn+1) 181500 |354300
\
- An+1 \

E

3w e &
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\ Table 7-c¢ ((i;nl 'd.)
. | SR, U 1 2 J
i Comjutatior Formylas | _Column No. _ . ﬁ_}“~___2 ~ 3
Time 11’1 = (n ¢+ 1)h}| 0.0008 0.0016 0.0024
1
[ p— oA e } vt e e o e e e b+ ———— —— J .
; 15 (1, 0 0.06u0 | 0.3088
i
!
3 M4l
' 16 hi' 0 0.1322 0.3856
v2 n
+n*l 37 n+l
- Kk,
1] ryg
o - Mo n+l
\
1
{ . =1 +nhl"+ 17 + | n2(" 0.0479 | 0.0964 | 0.1773
n+l n n n
1 2 " 1 3 "e
‘7h 'n * Sh ln
1 h3
- ' - - -] . . ar.
(l)O 0 blo 0 18 3 2[ 0.0121 0.0202 0.6337
|
19 ln+1 0.0600 0.3088 0.9054
- + l
_gp ‘A 3.016 3.0'6 3.016
w 1 -
- e z Radi ] - o( 2 . D 2
K = (.z 8) 1.065 1 ln+1 + ’A 3.076 “ 3.325
22 aq'ml v J68 0.134
230 Byt gy - 3.008 3.191
a\Pn-&l
An+1 g
24 Pp+y = —kg cm 604 1100
Bn+l
_ —
2 " - 2 2 (1] o
h 'n*l k4h Prel 25 h n+1 0.19238 0.3546 -
k4h2 - 0.0531192 26 hzl" ~-0,0958 |-0,1928 ~0.3546
hj"‘l - hzl” - 3
2 'n+l n+l 27 - hE [ -0.0364 |-0.0606 |-0.1012
- h2l" - tﬁlnc
n 2'n
-
28 Eg " 0.0606 0.1012
2 ' '
S - TS B L
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1 2 3 o ?
Column No. 1 2 3 Remarks ¢
Time tn+l = {(n + 1)h| 0.0008 0.0016 0.0024
15 (1, 0 0.0600 | 0.3088 From line 19 of
preceding column
: lsﬂ ~— hi' 0 0.1322 0.3856 From line 4 of preceding
1 " n columi.,
|
1
17 + % hzl; 0.0479 0.0964 0.1773 —;— (of line 2 of the
given column)
. ] L
118 5 15!;' 0.0121 | 0€.0202 0.0337 3 (of line 3 of the given
\ column)
19 i 0.0600 | 0.3088 | 0.9054 | Into line 15 of next
column
3 * '
120 A 3.016 3.016 3.016 In all columns
§ L, + L, 3.076 | 3.325
122 avqn w7968 | 0,134 -
o i )
E l 2.3 n+l ln+1 +IA 3.008 3.191
|
-, = ™¥an1
} S ':]n+
|28 Pan - 2lkg/cm? 604 1100
| 5 n+l
T 2
1128 h~l;+l 0.1928 | 0.3546 - Into lines 2 and 26 of
! next column
g A
{26 -hzl; -0.0958 |-0.1928 |-0.3546 From line 25 of preceding
column
| 3 '
} . |27 - h; A -0.0364 [-0.0606 |-0.1012 From line 28 of precediiy
| n - column
h3 " -
|28 = { " 0.0606 | 0.1012 Into lines 3 and 27 of
r; n . next column
AR ,
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Lot T
LN

,‘ Ly e
A '-:~h _Iu J "',“h lnt Y
| 7 m 3om 6
! i ] h3 - Y
Y e 0 hl o= O P ey 0.012: [ 0.0202 0.0337 =k
Dy = ogtnig -0 s T ;
1
. { , R
o - T e
- 19 L L 0.0600 | 0.3088 0.3054 1
4 " C
* /
20 s 13.016_| 3.016 3.016 1
Ol - __1__\' _"/ 0 . - r
A = (,.x s/ 1.065 | 21 Lty 3.076 3.325
23| B - lner 1y - 3'00f 3.191
/
- a“"‘n*l b
24| P4y = ——kg'on’ 6u4 1100
n+l
2 " - 2 2 ” -
h n+l k4h pn+l 25 Jh ln+l 0.1928 0.3546 KI“
kh? = 0.0531192 26 -hzl; -0.0958 [-0.1928 |-0.3546 F
Ct
rﬁlﬂ' - 21" - 3
2 'n+l n+l 27 - b -0.0364 |-0.0606 |-0.1012 F
2 3 2 'n ' C
h l" Ll"'
2'n
b-—-—-—-L —— - Po———
K3 .. .
28 = 0.0606 | 0.1012 I
2 ‘n+l ne
Formulas for the second period: -
[+ 1.\ { [ \1+0
) vV = ynp\/. -I_._J (1 - k3v§); p~ pK -1__—.K
\ [, +! ([, +1
] _ 1 1
v -l - -5 .
( when (=1, VeV, P=P,
Py and ‘K are determined from first period when = 1.
.‘4 * F=-TS-7327~RE 692
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3
%- ‘-‘-2-1;;' 0.0121 | 0.0202 0.0337 -13— (of liie 3 of the given
column) .
1] ‘n+l 0.0600 | 0.3088 0.9054 Into line 15 of rext
. column
Y
\) A 3.016 3.016 3.016 In all columns
¢ tn+l + 'A 3.076 3.&.325
a1 v:968 | 0.134
Boox ™ fosr *h - 3.008 3.191
o Mo
’ ‘“An+
Ppel = ——tkg/cm? 604 1100
Byl
) h2 ;+1 0.1928 | 0.3546 - Into lines 2 and 26 of
' next column
2 -hzl; -0.0958 |-0.1928 |-0.3546 From line 25 of preceding
' " . column . T
£ 1 .
p r. \ 3 .
A R hi " -0,.0364 |-0.0606 -0.1012 From line 28 of precedi:.g
\ n column _
1A
N L p3 —
? T R 0.0606 | 0.1012 Into lines 3 and 27 of
! \ n+ next column
l | Formulas for the second period:
VEANI(APEAN {y + 1 \1+0
3 W e S a - ksvi); P = Py RS
H l1 +1 "\ !
$ ?
2
? l when [=l, VeV, P =P,
§
{ are determined from first period when Y = 1.
A
’E;‘
:
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The extreme left column contains the "computation formulas”

PORQEpUES

and corstunts of System (I1); in the next column to the right these ~

vy ¢ Ere S :

formulas are broken down into individual operations, which. are

et e

followed in the computations.

10 start with, the first column (No. 1) corresponding to the
time interval O to h is filled in first. 1In this column thc,éubscript
n relates to the start of the interval, and the subscript n+l relatecs
to its egd; for this column n = 0 and n+l = 1},

For the next (second) column, n = 1, n+tl = 2, etc. For the
first column, computation of the constants gives us at n = 0 ln -0
(the path at the start of the motion), which we write on line 15;

hl! = 0 (the velocity at the start of the motion) is written on

lines 1 and 16; h l" - hzl" ~ 0.0958 is written on lines 2 and 26;
3

3—[3' is written on l;nes 3 and 27. Line 17 is filled with ?;(h 18),
and line 18 with %%(Eila'). Thus, all the quantities with the subscript
n = 0 are inserted in the first column. W%e now subject them_to the
necessary operations. The sum of the first three rows gives the

fourth h{' = = bl , which is immediately transferred to lines 1

and 16 of the neighboring column wherein, provided with the subscript

n, it characterizes the value of this quantity at the start of the

next interval; we then determine v By

, n+1’ “n+1’ ¥n41 and An+1'
adding the four rows from line 15 through line 18, we obtain in line

19 tn+1 - the path of the projectilc at the end of the given interval

of time - and this quantity, provided with the subscript n, is

transferred to line 15 of the neighboring column., After determining

:
An+1

Pn+l ©
n+l

write on line 25 of the first column and on lines 26 and 2 of the

and multiplying it by k4h2, we obtain h21;+1, vhich we

F-TS~7327-RE . 693
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next column, where this quantity acquires the subscript n, as does

e |

1 "
also ??(hzl;‘l), which is written in line 17 of the next column,

After performiug the operations indicated in the form with linee

SISO e a it DO
9

3
25, 26, and 27, we obtain in line 28 of the first column Efl;'l’
’ b

which we immediately transfer to lines 3 and 27 of the next column,

y 3
4 ¢ . while %%(hal"'l) is written in line 18 of the same column,
% n+

Thus, all operations with the quantities. becaring the subscript
n in the second column are alreadi prepared, and the second column
is then treated in the same manner as was the first.

Constants such as z_ in line 7 and IA in line 20 are inserted

0
in the series of columns in advance,

By applying the same rqlea to the neighboring second colunmn,
we shall gradually, step by step, obtain values for v, 2, ¢, I,
ard p as functions of t = (n+l)h, and this is continued to the end
‘; ! of burning or to the instant of emergence of the projectile from
the bore; it being necessary to use Y= 1 after the end of burning.
In performing the computations it is necessary to exercise
3 extreme care not to commit any errors, hecause an error in one of
the preceding columns will distort the results obtained in the
succeeding columns,

It is best to follow up the computation of the data in each
column by plotting them on graph paper as a function of t.. In so
doing an error in the given column will cause a deviation from the
regular disposition of the points derived from the preceding columns,

{ and such an error can be detected and corrected,

As a criterion of accuracy, it is slso useful to plot on the

diagram the third derivative (or h; in the last row), which ~

l"'
n+l
P-TS-7327-RE 694
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should tirst iucrease, then pass through a muximum, then become

rut M}W

n'

1
@ negative value, fiuctuating slightly in either direction,

zero ( = Q) at the instant P is attained,and thercupon acauire:

3
The instant of tiwe cut off on the diagram at p{ = 0 or h;l”' -0

corresponds to the infstant of maximum pressure, and all clements

¢ for it are best taken from the diugram

The time tK corresponding to the end of buruing of the powder

i
is determined from the diagram on the bqsis of the ¢y, t curve at

Y= 1; thereupon, the elements coi/esponding to the end of burniug

of the powder for this time are found by interpolation. If, without
changing the segments At = h, the second period is computed as a

direct continuation of the first, assuming ¥~ 1 and l*- ll throughout,

the third derivative l:' usually begins to fluctuate, sometimes
entering the fegion of positive values, which contradicts the

physical nature of the process of pressure change.

‘ .
' For this reason, once the elements of the end of burning
A ty Vyo tK’ and Py have been obtained from the computation of the
first period, the procedure is continued by adopting the same step-
At = h with tx as the starting point by first computing the values
of the path and of its derivatives for the start of the second period
‘ .
in accordance with the following formulas:
el o c oR2fr 212 B ap? )
1(0) lK' hl(0) th' h '(0) h «9mpx h k4px'
; |
3 3 (1 + O)v,p 3 v, p
| e oo b2 “--'l-é-k4(1+e)'”;
* (0)  + IK) )t lx
F-18-7327-RE 695
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whercupon they are written in the initial colum. fur computating
the data of the sccond period and subjected to the sune operations
as 1n the first period, with the sole exceptious that = 1 is
assumod in linc 11 and that lines 6-10 are omitted.

The computation is continued in this manner until ln 3 LV

t1
¢ If ’n+ = [, the remaining elements v, and Pn are obtained

1 A A

automatically in the same coluﬁn for the subscript n+l; if ln+1 > L‘,
the comput:tions in this column must be carricd as far as line 24,
with lines 6-10 omitted, whereupon the value of lA is used to obLtain
tA_by interpclation in the last column for the purpose of subsequently
obtaining the elements pﬂ.and Var

Instead of expanding in .a series after obtaining the elements
corresponding to the end of burning of the powder, it is possible to
compute v, and Pa by means of the usual second-period formulas, but
without determining the time t.
f The solution by expansion in a series is applicable to both

the geometric and the physical law of burning of powder. In the

latter case:

; ¥

| ) 8 8

‘ Vs e i pdt-ﬁ(l-lo).
|

from which we have the following expression for I:

B L 1=Iy 4y,
and the correlation between ¢y and z is replaced by the graphical
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i
i ; dependence of I upony, which is found from the bomb test.
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The cquation for (1‘-;)0 is repliced by the following caxpression:

LRt

|
' -\ A
(Pt)o ).2!‘0 == Py

‘VO
and:
B3 n3 s
__lu! - X k r —_—p,

5 42 2 Yy
2 9 2 Ul"u

where Fo is the value of the experimental function rcorreSponding
to the quantity ¢ = \{wo.

In the cas.e of ballooning powders, ro is greater than in the
case of the geometric law of burning, and thercfore the values of
both the first derivative pt' and of p itself will increase more
rapidly, and the maximum pressure will occur ecarlier., 1If the
propellant force of the powder is the sume, the maximum pressure will

be greater in the case of the physical law of burning with ballooning

than in the case of the geometric law of burning.

\
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